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1. Stating the problem. We consider the problem of the flow round an
arbitrary, smooth, closed, uniformly permeable contour in a potential
stream of ideal fluid. The problem will be solved under the hypotheses
formulated by Rakhmatulin [3]:

1. At all points of the contour, normal components of fluid velocity
are continuous; the tangential velocity components, however, are allowed
to be discontinuous. Consequently, a permeable contour turns out to be a
line of discentinuity in velocity and pressure.

2, The flow is assumed to be steady and irrotational.

3. The contour is permeable uniformly and at every point of the con-
tour the pressure drop Ap and velocity of penetration vi0 of fluid
particles across the contour are connected by the rule:

Ap = av° (1.1

where a 1s a parameter of permeability of the contour material, to be
determined experimentally. We now formulate the boundary conditions of
the problem,

1. According to the first fundamental hypothesis, at all points of the
permeable contour the normal component of velocity vn10 of the external
flow is equal to the normal component of velocity v ,0 of the internal
flow, 1.e.

Un® = Upy’ (1.2)
The suffices 1 and 2 will be used to indicate quantities in the external
and internal fluid domains respectively.

2. From the second fundamental hypothesis it follows that the
Bernoulli-Euler equation is satisfied along a streamline of the flow.
Accordingly, from this equation and the first boundary condition (1.2),
for a pressure drop Ap at a point on the contour, we have

Ap = :—P (v:3° + V01°) (V25" ~ v1°)
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», are tangential components of velocity at points on the
contour. Taking account of (1.1), we get the second boundary condition:

& (0 + ) (v® — 14,°) = a0s® (1.3)

To solve the problem we replace the permeable contour by a vortex
layer, the density of which we shall choose to fulfill the boundary con-
dition.

where Yy and v,

Therefore let L (see Figure) be the uniformly permeable smooth contour.

We denote by y = y(s) the density of the vortex layer regarded as a
function of the curvilinear coordinate s along the contour L. Let the
functions

z=2z(s), y=y(s) (1.4)
be parametric equations of our contour.

We denote by s, and s the curvilinear coordinates, and by t and t, the
corresponding complex coordinates, of a fixed and general point respect-
ively on our contour. In what follows we shall call the points themselves
corresponding coordinates.

For a positive direction of circuit on L we take a direction such that
the domain bounded by the contour L lies on the left.

We denote by v and § the angles which the tangents to the contour at
the points t;, and ¢ make with the x-axis, and by 6 the angle which the
chord passing through these points make with the x-axis.

If ds is the length of an element of arc of the contour, then the
vortex strength on this element will be y(s)ds. Hence the complex velo-
city at some point z, induced by the vortex layer distributed along the
contour, 1s

__1____S Y (s)ds

e
(0" —1vy°)y = 2mi z—t

Taking into consideration that ds::e"gdt, we get

. . 1 ¢ s {8 e—iO
0" — oy = — 5= lg}_—zdt (1.5)
L

The integral on the right is a Cauchy type of integral for the func-
tion y(s)e”*” which Lavrentev [ 1] has called a "vortex function".

We shall find the limiting values of the complex velocity at the point
t, of the contour, suitably denoting the limiting values: when approach-
ing from the side of the positive direction of the normal by the index
plus, and when approaching from the side of the negative direction of the
normal by the index minus.

According to the formula of Sokhotski-Plemel for the limiting value of
the Cauchy-type integral, we have
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L

(1.6)
(vxo__ipvo)b_=__[ Y(So) e S(ts)_j—t:e_ dt]
We now change the form of the integral
i0

Taking logarithms and differentiating the identity ¢ — t, = re’’, we
get
dt

ﬁ—-*-l- id% (1.8)

We have immediately from the figure
Y (s) — y (s0)

cos§ = ZO—=() sind =
r ! r
d’;is) =cos¥, ———-dzlff —sinf, 2 ZSO) == 08 Y, '——*d?iij‘)) =sinv (1.9)
in addition to which
3=arctgx—((§)l:;—gg (1.10)

Hence, taking into consideration the identities (1.9), we get

L (@=8— 28 (1.11)

Consequently we have

sina
ds

dr __dd .
dr=a—§ds=cosocds, d&-ﬁ-ds_

Substituting this into the identity (1.8) gives

ix
e
t—to_—r'ds
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and the integral (1.7) may be written thus:

Y143 r

Substituting this into the equations (1.6) and comparing the real and
imaginary parts of these equations, we obtain:

(va)b+=—l(TjP_).cosv+2 S ()sm{-)
(’vl}o)bq» = m%{g’)’“siﬂ\‘ — ziﬂg,{(s) COiS ds
; (1.12)
i ind .
@ Y(zs(’) + Zr—& v (s) su; ds

i
@ = Y( Y00 giny — 21; Sy(s) cof ® ds
L

We shall now use the expressions relating the normal and tangential
components of velocity at a point on the contour with the components

along the axes:
v = 0,°cosy -+ v,°sinv, vp° = — v,°sin v + v,° cosy (1.13)

Then according to (1.12), putting A = 6 — v, we get

1(s) B2 ds (1.14)

o 1 si o
(0, =— L 4 L §Y(s)““;x ds, (oo =—

@ =T+ Av© B ds,  @a=— g | 1(9) 22 ds (1.15)
L

The normal v, and tangential v, velocity components of the incident
stream are continuous at all points of the contour and consequently, for
both the external and internal parts of the stream, are expressed by the
formulae:

Ty == Vo COS Y, Vp = — Vo SiR ¥ (1.16)
Comparing the second of the equations (1.14) and (1.15) and remember-

ing that they are components relative only to the incident, stream, we see
that the first boundary condition (1.2) of the problem is satisfied.

From the first identities of (1.14), (1.15) and (1.16) we get
[ { A
V" = (U)o + Ur = Y(;") + 5, x (s )Sln ds + v cos v

- (s, 1\ sin A
Pe® = (0o, + Ve —1 (::o) + 'EEXY(S) ds -+ v COS v
I

From the second identities of (1.15) and (1.16) we have

v = @n)o + o = ----_g () =22

ds — v siny
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Substituting the expressions found for the velocity components of the
flow under consideration into the second boundary condition (1.3) of our
problem, we have

¥ (so)p (e cO8Y + E:;-Sy(s) sin ds)—-——é%gy(s) 0% g5 = avmsiny  (1.17)

L L

This is a singular integral equation for the particular determination

of the function y(s;), the density of the vortical layer in our problem.

The, parameter of permeability a increases with the compactness of the
permeable contour. For a compact contour a = e, As a » = the equation
(1.17) reverts to the equation

1 A i
2;~%Y(S)coi ds = — vg SiNLY (1.18)
L

obtained by Lavrent’ev [ 1], and solves the problem of a closed compact
contour in a potential flow.

2. A method of solving the basic equation (1.17). Differentiating the
identity (1.10) with respect to s; and using the identity (1.9), we have

dé sin A
In addition to this
d}nrm 1(11_ 180@3— cos A
dsy ~ rdsg  r T r
On the other hand
. dinr dig/dsy . d® et . d9
e [} e —id e D e ] D e e o [
re=(t—=t) e, ds, t 1 dsg t—tp ldso
Consequently
cos A et . d9
r —2«.:0’{"1&?0 (2:2)

On the basis of the identities (2.1) and (2.2), the equation (1.17)
may be written thus:
10 89 Moy
v (se)p (vm oSy 4 35— Sy(s) T ds) —%S.ﬁiﬁ_ dt =

{— 1ty
L L

. i a8
= Qe SIN Y - % Sy(s) P ds (2.3)
L

Since ds and ds;, on one and the same contour L will be equivalent,
then

(28 go o .
'27&?’(3) Tt = Z’:‘SY [s(3)]1d¥ = K =const (2.4)
L L
Furthermore, the circulation I' of the velocity of the stream around
the contour will equal
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dz dy

[} -]

r= S(vn dsg I v"'l‘dso)dso
L

7

At the same time it is clear that
Vy” = (vxo)b_. + U, vylo == (vyo)b_ + vy (vx = Voo, Uy = O)

Then according to the latter pair of relations in (1.12) and the last
two identities in (1.9), we have

T = %. EY (s0) dsg -+ vw§cos vds, + ISJ{—%—}SJ*{(S) ﬂﬁ—)‘- ds] ds, (2.9)

On the basis of the identities (2.1), (2.4) and the obvious relatinns

> Sy (8o) dso = @ = const, Scos vds =0 (2.6)
L L
we get
I'=Q+ Kl 2.7
where [ is the length of the contour L.

From the expressions (2.4) and (2.6) for the values of K and Q it
follows that they are of the same sign and will vanish simultaneously.
Thus the constant K is immediately related to the circulation I' around
the contour by the identity (2.7) and becomes zero when I' = 0,

Since the value of the circulation I’ for the flow round smooth closed
bodies might be given arbitrarily, we may advance arbitrarily a constant
quantity K, defining thereupon the appropriate value of the circulation
I" according to the formula (2.7).

Now taking account of (2.4), the equation (2.3) may be written thus:

- 1 (— i)-qe—HO—) . o
¥ (to) p (a0 COSY + K)+ —— S v (1) Wdt = AV SiN v + lak (2 8)
L
For this equation we have
A (t) =p (vOO cos b +K)1 K (t()’ t) T .%. e—ii—v)

the functions A(t) and K(t ,t) satisfying the condition H (Holder) on the
contour L
Bity=K(, t)=—Ga
S@)=A(t)+ B(t)=p(vecost+ K)——~ais=0on L
DU%:AU%—BU%:M%&%B+EQ+-%M%ﬁonL
Hence according to the terminology of Muskhelishvili [2 ], equation
(2.8) is a singular integral equation of a standard type.

The index of this equation is
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1 [ P(mese“f'f()-f-l/zia] .
i p(ve,co88 +K)—1Yyial,

Thus equation (2.8), according to the same terminology, will be a
Quasi-Fredholm equation and can be solved by the method of regularisation.

p.L—

The regular type operator for equation (2.8) can be taken, for example,
to be

M¥ =p(vwcosy + K) ¥ (1)) — = | 212X 4

L

and after the application of this operator to both sides of equation
(2.8), Fredholm’s equation is obtained, which will be equivalent to (2.8).
It is possible also to regularise equation (2.8) by using the method of
Carleman and Vekua.

For the study of the flow of a potential stream without circulation
round a uniformly permeable, smooth contour, the reasoning mentioned
above remains valid, only it is necessary to take K = 0.

By way of example, we consider the problem of the flow of a potential
stream round a uniformly permeable circle of radius R. In this case we
take the centre of the circle to lie at the origin of the coordinate
axes and ¢ and ¢ to be the central angles of the points s and s,. It
follows immediately from the figure, therefore, that

€os v = — sin @, sin v = cos @,, )\=3:§—qﬁ‘, r=2Rsin 2%

_ cos A q; sin X 1
ds = Rdy, a’sw-——-ctg L de, —ds = do
Then the value of K, defined by the 1ntegral (2.4), will equal

2

1 in 2 1 ’
%—S v (s) s": ds = T’BJS v(p)de = K,
I 0

and, after a change of variable, the basic equation (1.17) (or, alter-
natively, equation (2.8) ) may be written
2n
Y (200 (e sin g, — Ko) + 4= | v(9) otg 257 dp = —avecosg,  (2.9)
o
Applying to both sides of this singular equation the regular operator

MY =0 (v sin g, — Ko) ¥ (p) — 5= S ¥ (g)otg 2 do
0
we get a Fredholm equation, the unique solution of which will be

_ 4apv°°2 sin g, cos ¢, -+ 2“2(2’05 sin @, — Ky
4p¥ (v, Sin @, — K, + a2 (2.10)

Y {'Po) =

This function gives the solution of the problem of the flow of a
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potential stream past a uniformly permeable circle.
As a » « in the limit, the equation (2.9) becomes
o
1 Jo——
’41%‘3 v(p)ctg T2 de = —ve cos g (2.11)
)
the solution of which is
Y(9y) = — e sing, + C (2.12)
a function giving the solution of the problem of the flow of a potential
stream past a compact circle. Moreover, in the flow past a compact circle
with circulation, it follows from the limiting value of the relation
(2.10) that it is necessary to choose C = 235 and for the flow without
circulation to take C = 0,
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